We construct a string field Hamiltonian for a noncritical string theory with the continuum limit of the Ising model or its generalization as the matter theory on the worldsheet. It consists of only three string vertices as in the case for c = 0. We also discuss a general consistency condition that should be satisfied by this kind of string field Hamiltonian.
Introduction
String field theory is considered to be the most promising formalism for giving a nonperturbative definition of string theory [1] . In order to construct a string field theory, one should give a rule for decomposing the worldsheets of the string into propagators and vertices. This can be done by introducing a time coordinate on the worldsheets. There are several ways of doing so and a string field theory corresponds to each of them. Recently, a new kind of time coordinate , which can be naturally defined on dynamically triangulated worldsheets, was discovered [2] . Using this time coordinate, a string field theory for c = 0 noncritical string field theory was constructed [3] . We showed that the matrix model techniques [4] [5] , which were used to discuss a nonperturbative aspect of the noncritical string theory, can be easily deduced in this string field theory formulation. Therefore, we expect that such a time coordinate is also useful in constructing a string field theory for critical strings. In order to do so, we should know how to introduce matter field degrees of freedom on the worldsheet in the string field theory.
In the present work, we will construct a string field theory for c ≤ 1 noncritical strings. The matter conformal field theory will be represented by the continuum limit of the Ising model or its generalization. In our string field formalism, the matter degrees of freedom will be taken into account by introducing several kinds of string fields. The string field Hamiltonian consists of only three string interaction terms. We will also discuss general consistency conditions that should be satisfied by this kind of string field theory.
String Field Theory for c =
1 2
String
In this section we will construct a string field Hamiltonian for c = 1 2 string. The c = 1 2 matter theory is represented by the continuum imit of the Ising model. Let us briefly recall the results of [3] , in which a string field Hamiltonian for c = 0 string theory was constructed. For the c = 0 string theory, the string field depends on the length of the string, which is the only diffeomorphism invariant quantity of a loop in this case. We defined the creation (annihilation) operator, Ψ † (l) (Ψ(l)), of a string with length l by the following commutation relation:
The string field Hamiltonian describes evolutions of a string in the coordinate frame defined in [2] . It was written in terms of Ψ † (l) and Ψ(l) as
We now consider the noncritical string theory described by two dimensional gravity coupled to the Ising model. We will dynamically triangulate the worldsheet and put the Ising spins on the vertices. In this formulation, the diffeomorphism invariant quantities of a loop are the configuration of the spins on the loop as well as its length. Therefore the string field should depend on the spin configuration on the string. Here we will restrict ourselves to the simplest configurations where all the spins on the loop are the same, up or down. We denote the creation (annihilation) operator for the strings with such a configuration as Ψ † ± (l) (Ψ ± (l)), where the subscript ± denotes the up or down spins on the string. We will construct a string field Hamiltonian involving only these fields. Since the usual matrix model technique treats only loops with such spin configurations, such a Hamiltonian is enough to reproduce the matrix model results.
If we constructed a straightforward generalization of the string field Hamiltonian in [3] using the time coordinate in [2] , we would need to take other spin configurations into account. For example, let us consider a dynamically triangulated disk as the worldsheet. Since Ising spins are on the disk, it is divided into the domains of up spins and down spins. Suppose we start with a string with all spins up. After the "one-step deformation" in [2] , however, down spins will appear, if the string hits the domain walls. Therefore, in order to make a string field theory by only two kinds of fields above, one should change the definition of the time coordinate a bit. We can do so as follows.
We are going to modify the "one-step deformation" in [2] so that only strings with all the spins aligned appear. Suppose we consider the evolution of a string starting from, say, all spin up configuration. Let us adopt the usual definition of the "one-step deformation" until the string hits the domain walls. When the string hits a domain wall, down spins appear in the string. In this case we change the notion of the "onestep deformation" as follows. Since the domain wall divides the regions of up and down spins, along each side of the wall only up or down spins appear. Therefore we consider that the string has split into two strings along the wall. The two strings are with all spins up and down respectively (see Fig. 1 ). If the string hits many domain walls simultaneously, we generalize the above definition and consider that the string splits into many with all spins aligned.
With such a definition of the "one-step deformation", we can construct a Hamiltonian describing the evolution. It should include the following processes:
1. A string with all the spins up or down splits into the same kind of strings.
2.
A string with all the spins up or down splits into several with all spins up and the others with all spins down.
A string disappears.
The first and third processes are the ones we encountered in c = 0 case [3] . The second one comes from the modified definition of the time evolution. If one wants to consider worldsheets other than the disk, one should include one more process:
4. Strings of the same kind merge.
The discrete Hamiltonian may consist of infinitely many terms of these kinds. In the continuum limit, however, only the terms which have the right scaling dimension survive. It will take a formidable task to construct the discrete Hamiltonian and take the continuum limit. Here we rather conjecture the continuum Hamiltonian and show evidences for its validity afterwards. The Hamiltonian we propose is
The first term and the third term are similar to the ones in c = 0 case. The second term corresponds to the new kind of process: the process 2 above. In such a process, as is clear from Fig. 1 , a string with length l 1 splits into two strings with lengths l 1 + l 2 and l 2 , where l 2 is the length of the domain wall which the string hits. If one expresses the dimension of length l by L, one has [ . Therefore the dimension of the time coordinate corresponding to this Hamiltonian is L 1 3 . Thus, admitting that the Hamiltonian in eq. (3) is the continuum limit of the discrete Hamiltonian describing the processes above, we can consider that the continuum limit of the above "one-step deformation" defines a distance whose dimension is L , which is consistent with the matrix model result. Contrary to the c = 0 case, however, this Hamiltonian does not include a tadpole term. We expect that the tadpole term can be written in terms of the derivatives of δ(l) and involves only integer powers of the cosmological constant t. Hence, only strings with vanishing length can disappear and the worldsheet in such a process has zero area. However there is no such term with the right scaling dimension.
In the following, we will check if this Hamiltonian really describes c = 1 2 noncritical string. In the rest of this section, we will show that we can reproduce at least the disk amplitudes of c = 1 2 string theory from this Hamiltonian. In the next section, we will discuss a consistency condition that should be satisfied by this kind of string field Hamiltonian. It will easy to see that the Hamiltonian in eq.(3) satisfies such a condition.
The disk amplitude can be expressed by the Hamiltonian as in the case for c = 0. Let f + (l) (f − (l)) be the disk partition function with the boundary whose length is l and whose spins are all up ( down). If one defines the bra and ket vacuum < 0| and |0 > by Ψ ± (l)|0 >=< 0|Ψ † ± (l) = 0, the disk amplitudes f ± (l) can be expressed as
We can calculate f ± (l) by deriving the Schwinger-Dyson (S-D) equation from this expression and then solving it. As in [3] , the S-D equation is given by
Using the factorization property of the amplitudes for g = 0, we obtain
We now solve this equation. The Z 2 symmetry of the Ising model implies
Heref1
(l) and C is the contour in the complex ζ ′ plane depicted in Fig.2 .
In general, the integral in eq. (7) is not well-defined because of the divergence of the integrand as ζ ′ → ∞. In order to deal with such an ultraviolet divergence, one needs a consistent regularization. Actually such a regularization is known. Indeed, eq. (7) is exactly the kind of equation that Kostov has encountered in his analyses of ADE lattice models on a dynamically triangulated surface [7] . Therefore if one considers that the Hamiltonian in eq.(3) describes the continuum limit of such a discrete model, the method to regularize the ultraviolet divergence is apparent.
For example, one can solve eq. (7) by symmetrizing it with respect to the reflection ζ ↔ −ζ:
In doing so, an equality
is used, which can be derived when one regularizes it as in [7] . The cosmological constant t with the dimension [t] = L 2 is then introduced as the integration constant:
Eq.(9) can be solved [7] [8] to givẽ
which coincides with the disk amplitude for the c = 1 2 noncritical string theory [9] . One can proceed further and derive the S-D equation for more general amplitudes. Let us define the generating functional Z(J + , J − ) of loop operators by
The S-D equation for this quantity can be derived as in eq. (5) and one obtains
where
Therefore if the equation
has a solution satisfying the appropriate boundary conditions, it is a solution of eq. (12) . By expanding eq. (14) in terms of g, we can obtain equations for amplitudes with various topologies. By solving these, one can in principle calculate the string amplitudes with any number of handles and local operator insertions. For example, it is possible to show that the disk amplitudes with one local operator insertion of the c = 1 2 string [9] are the solutions of such equations. We expect that the same thing happens for amplitudes with more local operator insertions and more handles. Unfortunately it seems difficult to prove that the Hamiltonian describes the c = (14) is equivalent to the W constraints [5] , contrary to the c = 0 case. As is clear from the disk example in eq.(9), the S-D equations in this formulation do not give algebraic equations after the Laplace transformation. One should employ some transcendental techniques to solve it. Hence it is difficult to see the direct relation between our S-D equation and the W constraints, which are algebraic equations of loop amplitudes.
The Consistency Condition
In the preceeding section, we proposed a string field Hamiltonian eq.(3) for c = 1 2 noncritical string and checked that it reproduced the disk amplitudes of the matrix model. In this section, we will give another evidence for the validity of this Hamiltonian. We will propose a consistency condition that should be satisfied by this kind of string field Hamiltonian. This condition plays a similar role as the modular invariance did in the string model building. We expect that it restricts the form of string field couplings severely. Since the Hamiltonian in eq.(3) will be shown to satisfy the condition, we consider it as the right Hamiltonian for c = 1 2 string theory. Let us first derive the consistency condition for c = 0 string theory and show that our string field Hamiltonian satisfies it. We will consider the worldsheet with the topology of the cylinder. Suppose we have a cylinder in which the minimum geodesic distance of the two boundaries of it is D and the lengths of the boundaries are l 1 and l 2 . We can calculate the amplitude corresponding to such a configuration in the formalism of [2] [3]. Let us introduce the time coordinate on the worldsheet as in these references and follow the evolutions of the strings. Starting from the two boundaries, they keep splitting and disappearing until the time coordinate reaches , one string coming from one boundary and another string from the other boundary merge. After merging, the resultant string keeps splitting and disappearing to form a disk (Fig. 3) . Therefore we have the following expression for such an amplitude:
Here f (l) is the disk amplitude for c = 0 string and H is the Hamiltonian for the inclusive process [2] [3]:
However the above is not the unique way of calculating such an amplitude. We can arrange the time coordinate on the worldsheet so that the merging occurs at a point from which the minimum geodesic distance to one boundary is D 1 and to the other is (Fig. 3) . Such a time coordinate is possible, if one does not make the two boundaries start evolving simultaneously. In such a coordinate system, the amplitude can be calculated in a similar way:
Since we are calculating the same amplitude, the results (eqs. (15) and (16)) should coincide as long as D 1 + D 2 = D. Namely in order for the theory to be general coordinate invariant, the amplitudes should not change when one changes the coordinate system. Such a condition implies the following equality for the disk amplitude f (l):
This is the consistency condition that should be satisfied by the disk amplitude. Each term on the left hand side of this equation is made from a combination of two kinds of the three string vertices in the Hamiltonian eq.(2). In Fig. 4 , we schematically present such combinations. The left hand side of 
Eq.(18) can be illustrated as the right hand side of Fig. 4 . The factor l 1 l 2 is accounted for by the merging vertex. Therefore the transformation from eq.(17) to eq. (18) can be considered as the duality-like transformation depicted in Fig. 4 . In this form the consistency condition can be related to the disk S-D equation
with the argument l replaced by l 1 + l 2 . Substituting the disk S-D equation, we can show that the consistency condition can be proved, if
Eq.(19) is subtle because both l 1 and l 2 vanish at the support, l 1 + l 2 = 0, of the delta functions, provided l 1 , l 2 ≥ 0. One way to deal with it is to Laplace transform it. Using
, one can show that the Laplace transformation of the left hand side of eq.(19) vanishes.
Thus our c = 0 string field Hamiltonian satisfies the above proposed consistency condition for the cylindrical amplitude. The consistency condition was proved by reducing it to the disk S-D equation via the duality-like transformation in Fig. 4 . It is rather miraculous that such a transformation exists. However, if one rewrites the consistency condition in the following way, the meaning of the duality-like transformation becomes clearer. The S-D equation for the generating functional Z(J) of the c = 0 string loop amplitudes can be written as
and
Actually the order g part of the left hand side of eq. (24) 21) is integrable. Indeed, it is easy to calculate the commutation relation of the operator lT (l) + ρ(l):
(25) The last term on the right hand side is precisely the left hand side of eq.(19) and it vanishes. Hence eq.(24) can be proved by using eq.(25) and reducing it to the S-D equation. At the order g, eq.(25) is exactly the duality-like transformation Fig. 4 . Thus the duality-like transformation is equivalent to the integrability condition of the S-D equation.
Since eq. (21) is equivalent to the Virasoro constraints [5] , it is natural to expect the algebra in eq.(25) is actually the Virasoro algebra. Indeed, if one expands the Laplace transformT (ζ) =
the algebra
It is intriguing to observe that the algebra in eq.(27) looks like the "continuum limit" of the Virasoro algebra eq.(28) in the following sense:
That is to say, the structure constant l 1 − l 2 of the algebra of T (l) is exactly the "continuum limit" of the structure constant n − m of the Virasoro algebra. Moreover the form of T (l) in eq. (22) is the "continuum limit" of the Virasoro operator made from the bosonic oscillator:
This kind of observation is useful in supersymmetrizing our formalism [12] . Thus far we have proposed the consistency condition of the string field Hamiltonian for c = 0 string and proved it by using the duality-like transformation in Fig. 4 . We showed that such a transformation is included in the integrability condition of the S-D equation as the order g coefficient. We now examine whether the Hamiltonian eq.(3) for c = 1 2 string satisfies a similar condition. The Hamiltonian is related to the modification of the one-step deformation defined in section 2. In order to consider the consistency condition for the cylindrical amplitude in this case, we should use the distance which can be obtained as the continuum limit of this modified one-step deformation. We start from a cylinder in which the minimum of such distance between the two boundaries is D. Then we can proceed as in c = 0 case and obtain a consistency condition.
On the other hand, the integrability condition of S-D equation in this case means the closure of the commutation relations of the operators T ± (l) in eq. (13) . One can show
Namely, we have two decoupled Virasoro constraints. Again the order g part of the left hand sides of the above equations exactly reproduce the form of the consistency condition for the cylindrical amplitude. Eq.(31) implies a generalization of the dualitylike transformation in Fig. 4 . It enables us to prove that the Hamiltonian in eq. (3) satisfies the consistency condition.
c ≤ 1 Strings
It is straightforward to generalize the Hamiltonian in eq. (3) to the case where the matter theory on the worldsheet is a c ≤ 1 unitary conformal field theory. Let us dynamically triangulate the worldsheet. The matter theory is introduced by putting height variables on the vertices of the triangulated surface. Suppose that the height variables take their values on the nodes of an ADE orÂDÊ type Dynkin diagram and obey the following rules.
1. The heights for the neighbouring sites should be the same or linked on the Dynkin diagram.
2. At least two of the three heights assigned to a triangle should be the same.
The Ising model is the simplest (A 2 ) case. We will consider matter theories realized by such lattice models. The models considered here is similar to the ones discussed in [13] and we expect that the continuum limits of them cover the c ≤ 1 unitary conformal field theories. Now we will construct the string field Hamiltonian corresponding to the matter theory. As in the Ising case, we will deal with the strings on which the heights take the same value. Hence we should prepare the string fields Ψ i , where the subscript i denotes the height. The worldsheets are divided into domains in which the height variables take the same value. As long as a string travels in a domain, all the heights on the string are the same. Different heights come in when the string hits the domain walls. Let us adopt the same definition of the one-step deformation as in the Ising model for such a case. Assuming that there exists a continuum limit of this system, we propose the following Hamiltonian describing the time evolution of the string in the coordinate system, which is an obvious generalization of the Hamiltonian in eq. (3):
Here, C ij is the connectivity matrix, where C ij = 1 when the heights i and j are linked on the Dynkin diagram and it vanishes otherwise. This is a straightforward generalization of the Ising Hamiltonian in eq.(3). In the rest of this section, we will argue that this Hamiltonian describes a c ≤ 1 string theory. It is easy to make a S-D equation for the disk amplitudes from this Hamiltonian. Let f i (l) be the disk partition function in which the height variables on the boundary are i. f i (l) can be expressed as
In the ADE case, it has the solution of the form
where α and v i satisfy
Let us assume that our theory is unitary and v i > 0. Eq.(35) has a solution α = h+1 h with v i > 0, where h is the Coxeter number of the Dynkin diagram [13] . This is exactly what we expect for the disk amplitude for the unitary conformal field theory with
coupled to quantum gravity [9] . In theÂDÊ case, the disk amplitudes of the form
satisfy the loop equation with v i > 0 and
This also coincides with the disk amplitudes of c = 1 string theory. It is easy to check that the consistency condition holds for the Hamiltonian eq.(32). The integrability condition yields decoupled Virasoro algebras again. Therefore our Hamiltonian may be considered to describe the c ≤ 1 string theory.
One may well take the connectivity matrix C ij of an arbitrary diagram and construct a Hamiltonian as in eq.(32). Assuming the solution of the form in eq.(34), the disk S-D equation is reduced to eq.(35). Only ADE andÂDÊ Dynkin diagrams are the ones in which eq.(35) has a solution with real α and positive v i . Since ADE andÂDÊ lattice models realize the unitary conformal field theories with c ≤ 1, this fact can be considered as the manifestation of c = 1 barrier in this formalism.
Conclusions
In this article we have constructed string field Hamiltonians for c ≤ 1 string theories. In contrast with the c = 0 case, we had to change the definition of the time coordinate so that only the string fields with all the heights aligned can appear. It seems that the c = 1 barrier is present in this kind of formulation. In order to generalize our string field theory to the critical string case, a formulation which deals with the whole matter configurations on the string may be necessary. Work in this direction is in progress [14] .
Moreover, in the present formulation, we restrict ourselves to the string theory with a unitary matter conformal field theory on the worldsheet. It may be possible to obtain nonunitary matter theories as the multicritical phases of the unitary theory [15] . In a recent work [16] , it was shown that the transfer matrix formalism in [2] can be extended to the multicritical phases.
We have also discussed the consistency conditions that should be satisfied by this kind of string field Hamiltonian. We have shown that such conditions are related to the integrability condition for the S-D equation. The algebraic structure appearing in such an integrability condition may be a clue to construction of more general string field theories of this type. the spins up hits a domain wall, we consider that it splits into two strings with all spins up and all spins down. If the length of the incident string is l 1 and that of the domain wall is l 2 , a string with length l 1 + l 2 and all spins up and another with length l 2 and all spins down are generated. Fig. 2 The integration contour C in the complex ζ ′ plane. C should be taken so that it is on the left of ζ and goes between the two cuts of the integrand, ζ ′ > √ t and ζ ′ < − √ t on the real axis. Fig. 3 Two ways of computing the cylinder in which the minimum geodesic distance between the two boundaries is D. Fig. 4 The duality-like relation.
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